We introduce the concept of the equiphase sphere for light scattering by nonspherical dielectric particles. This concept facilitates the derivation of a simple analytical expression for the total scattering cross section of such particles. We tested this concept for spheroidal particles and obtained a bound on the minor-to-major axis ratio for the valid application of this technique. We show that this technique yields results that agree well with the rigorous numerical solution of Maxwell's equations obtained with the finite-difference timedomain method. The new technique has the potential to be extended to the study of light scattering by arbitrarily shaped convex dielectric particles.
INTRODUCTION
The physical basis and phenomenology of light scattering by small particles is of interest in a variety of science and engineering disciplines. 1, 2 It is well known that light scattering by homogeneous or layered spheres comprised of isotropic dielectric materials can be analyzed with the Mie theory and its extensions. 2, 3 However, because most particles of interest are neither spherical nor homogeneous, their scattering properties cannot be obtained analytically. Numerical methods for solving Maxwell's equations or approximate techniques are needed in such circumstances.
In previous work 4 we have shown numerically and analytically that the spectral dependence of the total scattering cross section of randomly inhomogeneous dielectric spheres of size in the resonant range can closely resemble that of their homogeneous counterparts with volumeaveraged refractive index. The next step is to understand how departing from a spherical shape affects the total scattering cross section.
For scattering by nonspherical particles, there exists no universal analogy to the Mie theory. It is not practical to develop a theory for each conceivable particle shape. But it is possible to construct a method that will include the effect of particle shape in a simplified way.
A prototypical nonspherical particle is the spheroid. Spheroids are attractive for modeling light scattering by nonspherical particles because the spheroidal shape can be changed from mildly aspherical to needle-like (prolate) or disk-like (oblate) by varying just the ratio of the major to the minor axis, i.e., the aspect ratio. Therefore the spheroidal particle becomes a natural choice when one wants to extend studies of scattering from spherical particles to nonspherical particles. The exact analytical solution for a single homogeneous, isotropic spheroid by use of the separation-of-variables method was pioneered by Asano and Yamamoto 5 and then was significantly improved by Voschinnikov and Farafonov. 6 This complex procedure involves an infinite set of linear algebraic equations for the unknown expansion coefficients that has to be truncated and solved numerically. For spheroids significantly larger than a wavelength and/or for large refractive indices, the system of linear equations becomes large and ill-conditioned. Moreover, the computation of vector spheroidal wave functions is a difficult mathematical and numerical problem. Results obtained with this approach indicate that small-diameter, highly elongated spheroids have a scattering behavior comparable to that of infinite circular cylinders with properly defined crosssection diameter. 7 In this paper we introduce the concept of the equiphase sphere for light scattering by nonspherical dielectric particles. The equiphase sphere is defined as the sphere that gives rise to the same maximum phase shift of the penetrating light as the nonspherical particle of interest. This concept facilitates the derivation of a simple analytical expression for the total scattering cross section of nonspherical particles when (n Ϫ 1)kd ӷ 1 and (n Ϫ 1) Ͻ 1, where k is the incident wave number, d is the characteristic size of the particle, and n is the refractive index of the particle.
To demonstrate the application of our equiphase sphere concept, we report studies of the effects of eccentricity and polarization on light scattering by a single homogeneous, isotropic dielectric spheroid that used the modified Wentzel-Kramers-Brillouin (WKB) approximation and the finite-difference time-domain (FDTD) method. Our approximate technique advances the well-known and influential anomalous diffraction theory of van de Hulst, 2 which has been a foundation of numerous advances in the light-scattering community over the past half century.
Our new approximate technique is demonstrated to have good agreement with the FDTD simulations in calculating the total scattering cross section, and it furthermore reveals a fundamental frequency oscillation of the total scattering cross section of a dielectric spheroid with periodicity of an equiphase sphere.
BASELINE PROBLEM: THE HOMOGENEOUS DIELECTRIC SPHEROID
Now we conduct an approximate analysis of how the eccentricity of a dielectric spheroid affects the wavelength dependence of its total scattering cross section. A similar procedure has been used successfully to analyze the total scattering cross section of a randomly inhomogeneous dielectric sphere. 4 The total scattering cross section of a particle much larger than the incident wavelength can be estimated with the WKB technique when (n Ϫ 1)kd ӷ 1 and (n Ϫ 1) Ͻ 1, 8, 9 where k is the incident wave number, d is the characteristic size of the particle, and n is the refractive index of the particle. In this approximation the electric field inside the particle is approximated by a field that propagates inside the particle with the wave number of the medium of the particle. However, this approximation neglects the scattering contribution that is due to surface effects. To improve accuracy, the total scattering cross section can be represented as the sum of two terms:
where s (v) represents the contribution that is due to the volume of the scattering particle and s (s) is the ''edge term,'' 10,11 which accounts for the contribution that is due to the sharp discontinuity of the refractive index at the particle surface. For a particle with characteristic size d and refractive index n, s (s) can be approximated on the basis of the work of Nussenzveig and Wiscombe 12 as
where S m is the maximal geometrical cross section of the particle and describes the interference of the surface waves, which gives rise to the high-frequency ripple structure in the wavelength dependence of the total scattering cross section. We will neglect in the following discussions because the ripple structure is typically averaged out in most realistic measurements owing to the size distribution of the scattering particles. For an ellipsoid with axes of length a, b, and c, we have
where S is the maximum geometrical cross section of the particle in the plane transverse to the direction of propagation of the incident light, r is a vector in the plane that S lies in, and (r) is the relative phase shift of a light ray that passes through the particle along a straight trajectory with respect to the phase shift of a light ray propagating outside the particle. The relative phase shift (r) can be written as
where the integration is performed over the path L of the light ray inside the particle. Now we consider a prolate spheroid (a Ͼ b ϭ c) with a major axis of length a and minor axes of length b. Referring to Fig. 1 , we define three electromagnetic wave modes for different combinations of plane-wave incidence and polarization with respect to the major axis of the spheroid: (a) TM mode (the magnetic field vector H perpendicular to the major axis and the electric field vector E parallel to the major axis), (b) TE mode (E perpendicular to the major axis and H parallel to the major axis), and (c) TEM mode (both E and H perpendicular to the major axis). For the TE and TM modes, the path L of the light ray inside the particle is
where the eccentricity factor
is the radius of the particle measured in plane S along direction r (such that b р 2R р a), and ␥ and ␥Ј are the angles of incidence and refraction, respectively, at the particle surface. ␥, ␥Ј, and satisfy tan
As a result, (r) can be expressed as
where If kb(n Ϫ 1)␦L Ͻ /2, we can expand the integrand in Eq. (4) to perform the integration analytically. This yields
where ϭ kb(n Ϫ 1) is the maximum phase shift of a light ray propagating through the spheroid along a straight path. Thus, by substituting relation (3) into Eq. (8), we obtain for the TE and TM modes
Similarly, for the TEM mode, we obtain
where a ϭ ka(n Ϫ 1). Equations (9) and (10) can be combined into one general equation:
Here, for the TM and TE modes, 2S ϭ ab/2 and ϭ kb(n Ϫ 1); and for the TEM mode, 2S ϭ b 2 /2 and ϭ ka(n Ϫ 1).
CONCEPT OF THE EQUIPHASE SPHERE
In Eq. (11), represents the maximum phase lag of a light ray propagating through the spheroid along a straight path. For the three electromagnetic wave modes defined above, the total scattering cross section exhibits an oscillatory behavior as a function of wavelength. The periodicity of this oscillatory behavior is determined by the maximum phase shift and is thus proportional to the maximum path length of a light ray propagating inside the spheroid, which equals b for the TE and TM modes or a for the TEM mode. The -dependent terms in Eq. (11), which determine the periodicity of the oscillatory behavior of the total scattering cross section, are similar to those in the equation obtained by van de Hulst for a homogeneous spherical particle with low refractive index 13 :
Here S ϭ (d/2) 2 and ϭ kd(n Ϫ 1), where d is the diameter of the spherical particle; represents the maximum phase lag of a light ray propagating through the spherical particle along a straight path. Thus, by comparing Eq. (11) with Eq. (12), we are able to define the equiphase sphere as the sphere that gives rise to the same maximum phase shift of the penetrating light as the spheroid or the nonspherical particles of interest. For the homogeneous spheroid that we discuss, the corresponding equiphase sphere has the same refractive index as the spheroid and has a diameter d equal to the length of the spheroid's minor axis b (for the TE and TM modes) or equal to the length of the spheroid's major axis a (for the TEM mode). The amplitude of the oscillations depends on S. If a ϭ b (i.e., the particle is spherical), Eq. (11) matches the analogous expression for a spherical particle. 4 When n → 1 and a ϭ b, Eq. (11) matches Eq. (12) .
The oscillatory behavior of the total scattering cross section of a spheroid follows that of its equiphase sphere in phase provided that (n Ϫ 1)kd ӷ 1, (n Ϫ 1) Ͻ 1, and ␦L(r) Ͻ /2, where ␦L(r) accounts for the deviation of L(r) from its counterpart inside the corresponding equiphase sphere. For the TE and TM modes, ␦L(r) Ͻ /2 is equivalent to
For the TEM mode, ␦L(r) Ͻ /2 is equivalent to
where is the wavelength of the incident wave. Along with (n Ϫ 1)kd ӷ 1 and (n Ϫ 1) Ͻ 1, relations (13) and (14) define the regime of validity of Eq. (11) for the TE and TM modes and the TEM mode, respectively. As expected, propagates in a direction closer to that of the incident light. Thus ␦L decreases as the spheroid's refractive index or curvature decreases. For the TE and TM modes, the curvature of a spheroid appears to be smaller than that of its corresponding equiphase sphere. Here, as shown in Fig. 2(a) for n ϭ 1.5 and ϭ 500 nm, ␤ increases as b/a increases, reaches a maximum at b/a ϭ 0.7, and then decreases to zero at b/a ϭ 1, which corresponds to a sphere. From Fig. 2(a) we see that ␤ Ͻ 1 for all b Ͻ a, which means that Eq. (11) is valid for any eccentricity, and the total scattering cross-section oscillatory pattern of a spheroid follows that of its corresponding equiphase sphere in phase provided that (n Ϫ 1)kd ӷ 1 and (n Ϫ 1) Ͻ 1. On the other hand, for the TEM mode, the curvature of a spheroid appears to be larger than that of its corresponding equiphase sphere. The larger curvature results in a higher ␦L. In this case, as shown in Figs. 2(b) and 2(c) for n ϭ 1.5 and ϭ 500 nm, ␤ increases monotonically as b/a decreases from 1 to 0. When ␤ approaches unity, the periodicity of the total scattering cross-section oscillatory pattern is altered, and the total scattering cross section of an equiphase sphere provides a poor approximation to that of a spheroid. Therefore for the TEM mode the total scattering cross section is analogous to that of its corresponding equiphase sphere only within a limited range of eccentricities. We note from relation (14) that the range of validity of this ap-proximation is substantially larger for smaller refractive index. For example, for n ϭ 1.1, ␤ does not approach 1 for b/a ratios as small as 0.2. This has important implications for modeling light scattering by biological tissues.
NUMERICAL RESULTS
To verify our approximate analytical results discussed above, we conducted FDTD 14 simulations to compute light scattering of a dielectric spheroid with a wide range of b/a ratios. First we verified our FDTD code by computing the scattering pattern of a homogeneous sphere and comparing the results to the Mie theory. A Gaussian pulse wave source was imposed on the simulation grid, and the scattered-field frequency response was extracted through a discrete Fourier transform run concurrently with the FDTD time stepping.
14 The perfectly-matchedlayer absorbing boundary condition 15 was used in our simulations to terminate the computational lattice. A dielectric prolate spheroid of refractive index n ϭ 1.5 was constructed within an FDTD space lattice that had a uniform cubic cell size of 25 nm. The prolate spheroid was generated by rotating an ellipse about its major axis of length a ϭ 5 m, thereby yielding equal minor axes of length b. Variable b/a ratios were obtained by varying b while keeping a fixed.
A. Effects of Eccentricity and Polarization
First we studied the effects of eccentricity and polarization on light scattering by a homogeneous dielectric spheroid and identified the concept of an equiphase sphere for modeling light scattering by a spheroid. Four eccentricity cases, b/a ϭ 0.9, 0.5, 0.2 and 0.1 were studied. For the first case, we studied all three plane-wave modes defined in Section 2. For the other three cases, we studied only the TE and TM modes. For each case we calculated the total scattering cross section for an incident wavelength range of 500-1000 nm. Figure 3 graphs the FDTD-calculated spheroid total scattering cross section (in units of m 2 ) versus wavelength for the eccentricity b/a ϭ 0.9 (a ϭ 5 m, b ϭ 4.5 m). Figure 3(a) shows the results of the FDTD simulations for the TE mode (solid dots) and the TM mode (open circles). For comparison, the solid curve shows the corresponding Mie data for the corresponding equiphase sphere of the same refractive index n ϭ 1.5 and a diameter equal to the length of the spheroid's minor axis, which gives rise to the same maximum phase shift of the penetrating light as the spheroid. From Fig. 3(a) we see that the spheroid's total scattering cross sections for the two modes are nearly the same. Further, the spheroid's total scattering cross section as a function of wavelength has an oscillatory pattern closely resembling that of the corresponding equiphase sphere in phase. The primary difference is that the magnitude of the spheroid's total scattering cross section is shifted upward by an approximately constant factor. This factor approximately corresponds to the difference between the spheroid's geometrical cross section transverse to the direction of wave propagation and the geometrical cross section of the equiphase sphere. Another difference is that the FDTDcalculated spheroid total scattering cross section lacks the high-frequency ripple structure of the sphere. On the basis of our previous numerical experiments, 4 we believe that this difference arises from the staircasing of the spheroid's surface within the FDTD grid, which reduces the surface-wave effects required for the appearance of the ripple structure. Figure 3 (b) repeats the study of Fig. 3(a) for the TEM mode. For this case, the phase-equivalent homogeneous sphere has a diameter equal to the length of the spheroid's major axis, 5 m. From Fig. 3(b) we can see that Fig. 2(b) . the total scattering cross section of the spheroid as a function of wavelength has an oscillatory pattern closely resembling that of its phase-equivalent Mie counterpart in phase. We can see also that the magnitude of the total scattering cross section is shifted downward by an approximately constant factor that approximately corresponds to the difference between the spheroid's geometrical cross section transverse to the direction of wave propagation and the geometrical cross section of the equiphase sphere. Figure 4 compares the FDTD-calculated and the Eq. (11)-calculated spheroid total scattering cross sections for the TE and TM modes for b/a ϭ 0.9 (a ϭ 5 m, bϭ 4.5 m) and b/a ϭ 0.5 (a ϭ 5 m, b ϭ 2.5 m). We can see that the Eq. (11)-calculated total scattering cross section is quite close to the FDTD-calculated total scattering cross section. Moreover, the FDTD-calculated total scattering cross section illustrates that the total scattering cross section of the TE mode is similar to that of the TM mode. Figure 5 compares the FDTD-calculated and the Eq. we see that the Eq. (11)-calculated total scattering cross section predicts the trend of the FDTD-calculated total scattering cross section, although it begins to deviate from FDTD-calculated values. This deviation is expected since the WKB condition ͓(n Ϫ 1)kd ӷ 1 and (n Ϫ 1) Ͻ 1] is hardly satisfied in these two cases. For both cases the FDTD-calculated total scattering cross section of the TE mode is still similar to that of the TM mode, while their magnitudes differ slightly.
B. Range of Validity of the Approximation
Next we investigated the validity range of our analytical approximation. The validity range of the approximation is described by relation (13) for the TE and TM modes and by relation (14) for the TEM mode. The condition parameter ␤, which must be less than unity to ensure validity of the approximation, is plotted in Fig. 2 as a function of the b/a ratios of spheroids for ϭ 500 nm. For the TE and TM modes, we studied three b/a ratios (0.2, 0.7, and 0.9), designated by circles in Fig. 2(a) . We have shown in Subsection 4.A that the total scattering cross section of the TE mode is similar to that of the TM mode. Therefore here we show only the total scattering cross section of the TM mode. For the TEM mode, we studied three b/a ratios (0.5, 0.7, and 0.9), designated by circles in Figs. 2(b)  and 2(c) . In each case we calculated the total scattering cross section for an incident wavelength range of 500-1000 nm. Fig. 2(a) . For comparison, the solid curve shows the corresponding Mie data for corresponding equiphase spheres of the same refractive index n ϭ 1.5 and a diameter equal to the length of the spheroid's minor axis, which gives rise to the same maximum phase shift of the penetrating light as the spheroid. From Fig. 6 we see that the Eq. (11)-calculated total scattering cross section is quite close to the FDTD-calculated total scattering cross section. Further, both the FDTD-calculated and the Eq. (11)-calculated total scattering cross sections as a function of wavelength have oscillatory patterns closely resembling those of the corresponding equiphase spheres in phase. The primary difference is that the magnitude of the spheroid's total scattering cross section is shifted upward by an approximately constant factor. This factor approximately corresponds to the difference between the spheroid's geometrical cross section transverse to the direction of wave propagation and the geometrical cross section of the equiphase sphere. In this case (TM mode), ␤ is well below 1 for any b/a ratios, as shown in Fig. 2(a) , so it is expected that the Eq. (11)-calculated total scattering cross section will have good agreement with the FDTDcalculated total scattering cross section. Figure 7 graphs the FDTD-calculated and Eq. (11)-calculated spheroid total scattering cross sections for the TEM mode versus wavelength for b/a ϭ 0.5, 0.7, and 0.9, Fig. 2(a). (a) b/a ϭ 0.9, (b) b/a ϭ 0.7, (c) b/a ϭ 0.2. corresponding to the three b/a ratios designated by the open circles in Figs. 2(b) and 2(c) . For comparison, the solid curve shows the corresponding Mie data for corresponding equiphase spheres of the same refractive index n ϭ 1.5 and a diameter equal to the length of the spheroid's major axis, which gives rise to the same maximum phase shift of the penetrating light as the spheroid. From Fig. 7 we see that the Eq. (11)-calculated total scattering cross section is quite close to the FDTD-calculated total scattering cross section for b/a ϭ 0.9; it deviates slightly from the FDTD-calculated total scattering cross section for b/a ϭ 0.7 and deviates significantly from the FDTD-calculated total scattering cross section for b/a ϭ 0.5. This is in accordance with the behavior of ␤ as a function of b/a. As shown in Figs. 2(b) and 2(c) , ␤ is far less than 1 for b/a ϭ 0.9, close to but still less than 1 for b/a ϭ 0.7, and far greater than 1 for b/a ϭ 0.5. For ␤ Ͼ 1 the validity condition for Eq. (11) is no longer satisfied, and hence we cannot use Eq. (11) to calculate the total scattering cross section of a spheroid for the TEM mode. Nevertheless, for ␤ Ͻ 1 the Eq. (11)-calculated results for total scattering cross section as a function of wavelength have good agreement with the results for FDTD-calculated total scattering cross section and have oscillatory patterns closely resembling those of the corresponding equiphase spheres in phase.
SUMMARY AND CONCLUSIONS
In this paper we have identified the concept of the equiphase sphere for modeling the total scattering cross section of homogeneous, isotropic nonspherical dielectric particles. This concept leads to a simple analytical expression for the total scattering cross section of such particles that agrees well with FDTD simulations when applied to spheroids.
The single-scattering characteristic examined in this paper, the total scattering cross section of a particle, is one of the most widely used observables in light scattering transport and light scattering by random media. It plays a fundamental role in the theory of light propagation and diffusion in inhomogeneous media such as biological tissues and the turbulent atmosphere. We have focused on spheroids, which are attractive for modeling light scattering by nonspherical particles because the spheroidal shape can be changed from mildly aspherical to needle-like (prolate) or disk-like (oblate) by varying just the ratio of the major to the minor axis, i.e., the aspect ratio. Our approach provides a more accurate alternative to the present nearly ubiquitous use of the Mie theory in the regime where it loses validity. Our approach may also be used by researchers to check the validity of their use of the Mie theory to model light scattering by nonspherical particles.
Although we have limited our test cases to spheroidal particles, our approximation technique is extendable without further difficulty to the study of light scattering by an ellipsoidal particle. It can also be extended to calculate the differential scattering cross section of nonspherical particles in a manner similar to the van de Hulst approximation. In our future work we shall apply this technique to the study of light scattering by arbitrarily shaped convex particles. Our final goal is to permit relatively simple modeling of light scattering by arbitrarily shaped convex particles. This would find broad applications, including optical diagnostics of pathologies in living tissues. 16 
